Abstract. Suppose that A is a subset of an abelian group G. To know the 3-deck of A is to know the number of occurrences in A of translates of each possible multiset {0, a, b}. The concept of the 3-deck of a set is naturally extended to L 1 functions on G. In this paper we study when the 3-deck of a function determines the function up to translations. The method is to look at the Fourier Transform of the function. Our emphasis is on the real line and the cyclic groups.
Introduction
The aim of this article is to address a problem that arises independently in combinatorics and in diffraction theory.
In combinatorics, a common problem is to reconstruct an object (up to isomorphism) from the collection of isomorphism classes of its sub-objects. The most famous problems of that nature are the Reconstruction conjecture and the Edge reconstruction conjecture and we refer to Bondy [Bo] and Bondy-Hemminger [BH] for surveys on the subject. In that direction, Radcliffe and Scott investigated in [RS1, RS2] the problem of reconstructing subsets of R, Z n , Q n or Z/nZ from the collection of isomorphism classes of their subsets of prescribed size. (Here two sets are isomorphic if they are translates of each other).
To be more precise, fix an integer k ≥ 3 and let G be one of the groups R, Z n , Q n or Z/nZ. A subset E of G is locally finite if E ∩ (E − x) is finite for every nonzero x ∈ G. The k-deck of E is then the function on G k−1 defined by
where |.| stands for cardinal. The problem addressed by Radcliffe and Scott is the following:
Problem 1. Assume that E and F are two locally finite sets in an abelian group G that have the same k-deck, for some integer k. Are E and F translates of each other?
It turns out that, in the particular case of G = Z/nZ, this problem also arises in the mathematical theory of diffraction. It is well-known that the answer is negative for k = 2, but for k ≥ 4, Grunbaum and Moore showed that the answer is positive. This result can be further improved in some cases. For example it is shown in [RS1] that if n is a prime, then the answer is still positive for k = 3.
One of our aims here is to summarize the knowledge on the problem in the Z/nZ case, to improve some of the proofs and to give the last possible positive results in the cases n = p a and n = pq with p, q primes. This bridges the results in [RS1] and [GM] , and essentially closes the problem. To do so, we make a more explicit use of the Fourier transform than in [RS1] . Radcliffe and Scott in [RS2] further prove that the answer to Problem 1 is positive if the group is one of R, Z n , Q n . Moreover they ask for measure-theoretic counterparts to their results in R. This is the main question that we will address here.
To be more precise, we will consider the Lebesgue measure on R and write again |E| for the measure of a measurable subset E of R. The k-deck of E is still defined as the function on R k−1 given by
We will also consider the k-deck of a nonnegative function f ∈ L 1 (R), naturally defined by
If χ E is the characteristic function of a set E of finite measure, then N E = N χ E . The problem we address is the following:
Reconstruction of functions from their triple correlations 151 Problem 2. Let k ≥ 3 be an integer and let N f denote the k-deck of the function f .
Does there exist an a ∈ R such that F = E − a up to a set of zero measure.
If this happens we say that f (resp. E) is determined up to translation by its k-deck.
Again, this problem occurred before in the context of texture analysis as well as in crystallography where the k-deck is known as a higher order autocorrelation function (see [AK, CW, Rot] ). In these fields, a common problem is to be able to reconstruct a function from its 2-deck or autocorrelation function. This is easily seen to be equivalent to that of reconstructing a function knowing only the modulus of its Fourier Transform and is therefore called the phase retrieval problem. We refer to the surveys [BM, KST, Mi] the book [Hu] or the introduction of [Ja] for further references. Note that the 3-deck has been proposed to overcome the non-uniqueness in the reconstruction (see [Mi] ).
We will only give a partial answer to this question and show that in many cases, the 3-deck will be enough for the answer to be yes. In particular, we managed to do so for characteristic functions of compact sets, a fact independently proved by Rautenbach and Triesch [RaT] . These positive results are described in Section 2.2.
In the opposite direction, for k fixed, building on a construction in [Ja] (and on an earlier construction in [CW] ), we construct in Section 2.3 an uncountable family of functions (f i ) that all have same 3-deck but are not translates of one another. However, these functions are not characteristic functions of sets, and we have not been able to settle completely the second problem. Nevertheless, in Section 2.4, we have managed to prove that if f = χ E and g ∈ L 1 (R) is nonnegative, then N g = N f implies that g is also a characteristic function of some set F , thus reducing Problem 2 (a) to Problem 2 (b). However we do not know if F = E − a for some a ∈ R.
In Section 2.5 we show that if E belongs to a rather wide class of measurable sets of finite measure then it is determined up to translation from its 3-deck, among all measurable sets. This class consists of all sets which are unions of intervals with endpoints that do not have an accumulation point and such that the complementary intervals have length bounded below by a positive constant.
To conclude this introduction, let us point out that our investigation on the 3-deck problem for sets establishes a link between phase retrieval problems and uncertainty principles. Namely, the obstruction to uniqueness in the 3-deck problem is the possibility to have large gaps in the spectrum (i.e. support of the Fourier Transform) of a function. Although this is easy to achieve for general functions, it is not known whether characteristic functions may have many gaps in the support of their Fourier Transform. The best results in that direction, due to Kargaev and Volberg [Ka, KaV] , state only that the Fourier Transform of a characteristic function may be zero on an interval. However this is not enough for proving a counterexample (to determination from 3-deck) as the results of Section 2.5 are applicable to sets of the type used by Kargaev and Volberg, where we prove that the specific sets used in [Ka, KaV] are determined by their 3-deck up to translation. This article is organized as follows. In the Section 2, we will focus on results on the real line, starting with the reformulation of the problem in terms of the Fourier Transform, continuing with positive and negative results and concluding with the stability result mentioned above. In Section 3 we focus on the Z/nZ case, starting with a survey of known results with the aim of bridging the knowledge in both communities that are interested in the problem. We are then focusing on our own results.
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The results on R
2.1. Reformulation in terms of Fourier transforms. In this section we will reformulate the problem in terms of the Fourier Transform. For the the sake of simplicity of notation, we will only focus on the case of the real line, although the results generalize without difficulty to other locally compact abelian groups.
Also the results here have been proved in a similar way in [CW] and again in [RaT] . As we need the notations, we prefer reproducing the proofs for sake of simplicity and completeness.
To fix notation, we define the Fourier Transform of
, with equality when f is nonnegative. It is not difficult to see that actually N f r ≤ k j=1 f pj as soon as 1 +
Actually all results for convolutions apply for k-decks with essentially the same proofs.
Further, the Fourier Transform of N f is
This implies that solving
As our primary interest is in characteristic functions, we will from now on consider that f and g are nonnegative L 1 functions and that f (0) := R f (t)dt = 0. Another reason for considering only real functions is to avoid the extra complication due to the fact that the functions f and ωf have the same k-deck whenever ω is a k-th root of unity.
In the sequel we will only consider Problem 2 for nonnegative functions. and since g(0) and f (0) are nonnegative, they are equal. Further, as f and g are real f (−ξ) = f (ξ), It follows that, if we take
Now, let us write
where, by the continuity of f, g, we may assume that ϕ is continuous on the support of f . Introducing this in Equation (2.1), it reduces to the following
The solution of such an equation is then dependent on the group on which one might consider it. In the case of the real line, it is easy to show that the following holds (see e.g., [Ja] , Lemma 3):
Then, there exists ω ∈ R and a sequence θ j that satisfies θ 0 = 0 and
Sketch of proof.
One first proves the result on I 0 ∩ Q where it is trivial, then extends it to all of I 0 by continuity.
The extension to I k is then obvious taking x ∈ I k , y ∈ I 0 . Finally (2.4) is a reformulation of (2.3).
Positive results.
Recall that a measure μ has divergent logarithmic integral if one of the two following integrals
We will now prove the following:
In each of the following cases, the function f is determined up to translations by its 3-deck:
1. f is of compact support;
3. f is analytic in a neighborhood of the real line; 4. the measure f dx has divergent logarithmic integral.
Proof. Case 1 is a particular case of 2 which in turn is a particular case of 3. In these cases, { f = 0} is a discrete set. In the last case, a theorem of Beurling (see [Ko] p. 268) states that f cannot be zero on a set of positive measure. In conclusion, this theorem is proved once we have proved the following lemma:
Lemma 2.3. If f does not vanish on a set of positive measure, then f is uniquely determined up to translations by its 3-deck.
Following the notation of Lemma 2.1, write supp f = supp g = j∈Z I j and let ϕ(x) = ωx + θ j be the function given by the lemma. Write I 0 = (−a, a). Up to changing g into g(. − ω), we may assume that g(ξ) = e 2πiθj f (ξ) if x ∈ I j . Contrary to what we want to prove, assume that f is not almost everywhere equal to g and let s = inf{x > 0 :
From this we get that there is j ∈ N with θ j = 0 such that I j is of the form I j =]s, s + λ[. By the last assertion of Lemma 2.1 we get that
which implies that f ≡ 0 on (s − a, s), in contradiction to our assumption on the support of f .
Remark.
1. The proof of the lemma actually tells us that if supp f has no gap of size diam I 0 then f is determined up to translations by its 3-deck. This, as well as Point 1 of the theorem has been independently proved by Rautenbach and Triesch in [RaT] . 2. Further remarks of that order can be made. For instance, one might notice that diam I j has to stay bounded. Indeed, if this is not the case, we may write
As a corollary of the proof, we immediately get that if c supp f is negligible, then the only solution of (2.4) are ϕ(ξ) = ωξ for some ω ∈ R. Proof. We will only give full details of the proof in the case k = 3. Let
Then ψ ∈ L 1 (R) and its Fourier Transform is To adapt the proof to the case k ≥ 4, it is then enough to replace the cos(4πx) in the above argument by (say) cos(2 k+1 2 πx). Using the same ideas as for the proof of Theorem 3 in [Ja] , one may improve this to get the following result: 
Sketch of proof.
The only thing to be done is to replace the factor 1±cos(k+1)πx by the Riesz product n∈Z (1 + a n ε n cos(k + 1)
n πx)
where a n decreases fast enough to ensure the convergence of the product and each ε n = ±1.
On the other hand we cannot have this situation for all k: This is Theorem 2 in [CW] (see also [Rot] for some generalizations). However, the proof below is a bit simpler. Let us also stress that similar results in the setting of locally compact groups can be found in [RoST] and [RoT] . There martingale properties of the sequence of k-decks (with some normalization) of a given function are studied and it is shown that this sequences may uniquely determine f , up to translations.
Proof. Using the notation of Lemma 2.1, let us write g(ξ) = e 2πi(ωξ+θj ) f (ξ) if ξ ∈ I j . Recall that the θ j 's satisfy, for every k,
, there exists ξ 1 , . . . , ξ k−1 ∈ I 0 such that ξ 1 + · · · + ξ k−1 ∈ I l . Equation (2.5) then implies that θ l = 0 so that g(ξ) = e 2πiωξ f (ξ) and g is a translate of f .
A stability result for characteristic functions.
In this section, we will prove that, under some mild restrictions, if a function has the same 3-deck as a set, then this function is a characteristic function of a set. More precisely, we will prove: Proposition 2.7. Let E ⊂ R be a set of finite measure, let f = χ E and let g ∈ L 1 (R) be a nonnegative function such that N g = N f almost everywhere. Then there exists a set F of finite measure such that g = χ F .
Proof. First note that, as
2 . Further, in this case N f is continuous.
Next, as we assumed that g ≥ 0, we get
with Parseval. Now, if g / ∈ L 3 (R) then, by positivity of g, N g is not essentially bounded in a neighborhood of 0. This would contradict N g = N f almost everywhere. Now that we know that g ∈ L 3 (R), N g is also continuous and we get that N g = N f everywhere. In particular,
Finally, we have equality in the Cauchy-Schwarz inequality:
It follows that g 3/2 = λg 1/2 which implies that g = λχ suppg . Finally, from g 2 = g we get λ = 1 and g = χ suppg .
A restricted problem.
One might think that if f and g are characteristic functions of sets of finite measure it would be impossible to arrange for examples similar to those of the previous section.
However the situation is subtle, and one should remark that it is known ( [HJ] p. 376, [Ka, KaV] ) that there are measurable sets of finite measure on R of which the Fourier Transform of their characteristic function vanishes in a prescribed interval. The sets with that property given in [Ka, KaV] are of the form
with 0 ≤ λ k ≤ 1/2 and (λ k ) ∈ 1 . We will consider slightly more general sets namely open sets E = k∈Z (α k , β k ), with α k < β k < α k+1 , such that their complement can be written as the union of closed intervals whose length is bounded below. We call such sets, or any sets that differ from such sets by a null set, open sets with lower bounded gaps.
We will now show that such sets are characterized up to translations by their 3-deck. For this, let us first note that such sets admit the following characterization: Lemma 2.8. Let E ⊂ R. The following are equivalent:
1. There exists an ε > 0 such that, for almost all x, y ∈ E with |x − y| < ε, the interval (x, y) is contained in E up to a null set.
Up to a set of measure 0, E is an open set with lower bounded gaps.
Proof. That (2) implies (1) is obvious. To see that (1) implies (2) construct the open set E 1 by taking together all open intervals (p, q) such that p and q are rational and |E ∩ (p, q)| = q −p. This set clearly differs from E by a null set and it is obvious that it has gaps bounded below by ε.
We are now in position to prove the following: Theorem 2.9. Let E be an open set of finite measure with lower bounded gaps. Assume that the set F has the same 3-deck as E. Then F is a translate of E.
Proof. Let us first prove that, up to a set of measure 0, F is also an open set with lower bounded gaps. For this, observe that, for an arbitrary set E, Property (1) of Lemma 2.8 holds if and only if there is ε > 0 such that
Further G E (x, y) = N E (0, y) − N E (x, y) and, as N F = N E , it follows that F is also an open set with lower bounded gaps (up to measure 0).
As above, write E = k∈Z (α k , β k ) with α k < β k < α k+1 and let Γ E := inf(α k+1 − β k ) > 0 be the size of the smallest gap of E. Similarly, let Γ F be the size of the smallest gap of F .
where δ x denotes a unit point mass at x ∈ R, so that
(the convergence of this series will soon be obvious in the case of interest to us).
As E is of finite measure, β k − α k → 0 so that the sum (2.6) is finite and
Fix x small enough and negative to have −x < min(Γ E , Γ F ) and let D E (resp. D F ) be the Fourier transform in the y variable of
is an analytic function, that is not identically 0 if x is small enough and such that
As we assumed N F = N E , we also have
Using the particular form of D E and D F , this is
and is not zero if ξ, η are in some neighborhood of 0 so that
in that neighborhood. By analyticity of ϕ, ψ, (2.8) is valid for every ξ, η ∈ R. It is then easy to see that the function γ = ψ/ϕ is of modulus 1 on the real line and satisfies γ(ξ + η) = γ(ξ)γ(η) (excepted for ξ, η in some discrete set) so that γ(ξ) = e 2iπaξ for some a ∈ R and ψ(ξ) = e 2iπaξ ϕ(ξ) (see Remark 3 after the proof of Lemma 2.3).
Returning
As ϕ(ξ) is analytic and not identically 0 it follows that χ E (ξ) = e 2iπaξ χ F (ξ) almost everywhere and F is a translate of E.
3. The k-deck problem on Z/nZ 3.1. Introduction. The aim of this section is essentially to bring together the knowledge about the problem in the combinatorics and crystallography communities. After summarizing known results and open questions, we will proceed with our own contributions.
In order to do so, let us start with some notations: k, n will be two positive integers, k ≥ 2 and ζ = e 2πi/n . We will not distinguish between sequences of n elements, n-periodic sequences and functions on Z/nZ. If f = (f 0 , f 1 , . . . , f n−1 ) is such a function, its Fourier transform is defined by
with the natural extensions to higher dimension. The k-deck of f is the function on (Z/nZ) k−1 given by
Its Fourier transform is then given by
Now let f, g be two functions on Z/nZ that take only nonnegative values. As in the previous section, f, g have same k-deck if and only if we can write
where ξ(k) is unimodular and such that
whenever l 1 , . . . , l k−1 ∈ supp f are such that l 1 + · · · + l k−1 ∈ supp f . Note that ξ is a priori only defined on supp f . Our aim here is to know whether or not such a ξ extends to a character of Z/nZ in which case g is a translate of f . This is of course immediate if f does not cancel and k ≥ 3. An other trivial case is when f cancels everywhere excepted at 0, that is f is constant.
A quick overview of the 2-deck problem.
Let us first concentrate on the case k = 2 when Condition (3.9) is void. We are seeking g such that | g| = | f |, which is a well-known as the phase retrieval problem in crystallography. The study of this problem originates in the work of Patterson and a full solution has been given by Rosenblatt (see [Ro] , [RoS] and the references therein).
Let us briefly describe what may happen in the case f = χ E and g = χ F with E, F subsets of Z/nZ. One easily sees that E and F have same 2-deck if and only if E − E = F − F (counted with multiplicity). From this, one easily gets the trivial solutions F = E − a and F = −E − a. If this are the only solutions, we say that E is uniquely determined up to translations and reflections by its 2-deck.
Note that not all sets are uniquely determined by their 2-deck. For instance, one may arrange for two sets A, B of cardinality at least 2 to be such that A − B and A + B (counted with multiplicity) are still sets (i.e. every element has multiplicity 1). One then immediately gets that E = A − B and F = A + B have same 2-deck, but as A and B have more than 2 elements, F is not of the form E − a nor −E − a. Rosenblatt showed that this is almost always the case and gave a general solution to the problem, which is a bit too long to be summarized here. However, as he noticed himself, his solution may be difficult to use in practice. This question is implicit in [Ro] .
3.3. Zeros in the spectrum of an indicator function. As noted in the introduction of this section, the k-deck problem for k ≥ 3 is trivially solved if χ E has no zeros. Before pursuing with our study we will therefore gather here some information about possible zeros of χ E .
First assume that n = pq (p, q not necessarily primes) and let f be n-periodic. Assume that f is also p-periodic and write a = (f 0 , . . . , f p−1 ) for the period. We may see a as a function on Z/pZ and still write a for its Fourier transform on Z/pZ. An immediate computation shows that f is supported on the subgroup {0, q, . . . , (p − 1)q} of Z/nZ and that f (lq) = q a(l). In particular, we get:
pZ is uniquely determined up to translation by its kdeck, if and only if its q-periodic extension to Z/pqZ is uniquely determined up to translation by its k-deck.
Notation. We will write qZ/pZ = {0, q, . . . , (p − 1)q}.
Recall that an n-th root of unity ζ p , 0 ≤ p < n is said to be primitive if it is not an m-th root of unity for some m < n, that is, p and n are relatively prime. In particular, ζ p is a primitive n (n,p) -th root of unity. The cyclotomic polynomial of order n is then defined as
It is well-known that Φ n is the minimal polynomial of any primitive n-th root so that if P is a polynomial such that P (ζ l ) = 0 then one has a factorization of P : P (x) = Φ n/(n,l) (x)Q(x), and P (ζ j ) = 0 whenever j and n/(n, l) are relatively prime.
For instance, for
. This leads us to:
If χ E (l) = 0 for some l = 0, then χ E (j) = 0 for all 1 ≤ j < n with j and n/(n, l) relatively prime.
Two particular cases are of interest to us:
1. If n = p a with p prime, then only the three following cases may occur:
If n = pq with p, q two distinct primes, then only the five following cases may occur:
3.4. Known results on Z/nZ. Let us now turn to the k-deck problem. Most questions that arise naturally have been solved either in [RS1] or in [GM] . More precisely, let us summarize what we consider as the main facts:
1. If n is a prime number, then every set (and even every integer valued function) is uniquely determined up to translations by its 3-deck; [RS1] Theorem 3. The proof in [RS1] is rather involved and we will give a simpler one below by a more explicit use of Fourier analysis. 2. Assume n is odd and E ⊂ Z/nZ. Let a = χ E then if a(1) = 0, a is determined up to translations by its 3-deck; [GM] , Theorem 2. 3. Every subset of Z/nZ is uniquely determined up to translation by its 4-deck; [GM] Theorem 5. This is further extended to integer valued functions in [GM] Theorem 4: they are still determined up to translation by the 4-deck if n is odd but the 6-deck is needed when n is even. Moreover, examples are given there to show that these results are optimal. This disproves Conjecture 1 of [RS1] . These examples show that as soon as n has 3 factors, n = pqr with p = q prime, then there are sets in Z/nZ that are not uniquely determined up to translations by their 3-deck. 4. The proportion of subsets of Z/nZ that are not uniquely determined up to translations by their 3-deck goes to 0 as n → ∞; [RS1] Theorem 4. This is done by proving that the proportion of subsets E of Z/nZ such that χ E has a zero is at most O(n −1/2+ε ).
Some new results.
We will now settle the two remaining cases in which the 3-deck may suffice: n = p a with p prime and n = pq with p = q prime.
Theorem 3.1. Let p be a prime number, p ≥ 3 and let n = p a . Then every subset E of Z/nZ is uniquely determined up to translations by its 3-deck.
Proof. Let us first prove the case n = p a prime. In this case, the particular cases of Fact 2 imply that either:
• for all l, χ E (l) = 0, or • E = Z/nZ. In both cases, E is uniquely determined up to translations by its 3-deck. This simplifies the proof in [RS1] .
Assume now that p ≥ 3 and that we have proved that every subset of Z/p a Z is uniquely determined up to translations by its 3-deck and let E ⊂ Z/p a+1 Z. Again, there are only four cases that may happen:
• for all l, χ E (l) = 0,
The two first cases are trivial whereas the third case is settled using the induction hypothesis and Fact 1. Let us now assume we are in the last case.
Assume that g has same 3-deck as χ E and write g(l) = ξ(l) χ E (l) where ξ satisfies ξ(l 1 + l 2 ) = ξ(l 1 )ξ(l 2 ) for all l 1 , l 2 ∈ supp χ E such that l 1 + l 2 ∈ supp χ E . (3.10)
As p ≥ 3, our assumption on E implies χ E (1) = 0 and χ E (2) = 0, so that (3.10) implies ξ(2) = ξ(1 + 1) = ξ(1) 2 . Next, assume that we have proved that ξ(l) = ξ(1) l for all l ∈ supp χ E ∩ [0, l 0 ]. We are then in one of the following cases:
• l 0 , l 0 + 1 ∈ supp χ E and then (3.10) implies ξ(l 0 + 1) = ξ(l 0 )ξ(1) = ξ(1) l0+1 by the induction hypothesis.
• l 0 + 1 / ∈ supp χ E and there is nothing to prove.
• l 0 / ∈ supp χ E but l 0 + 1 ∈ supp χ E . But then l 0 = qp b for some 1 ≤ q < p a−b and as p ≥ 3, l 0 − 1 is not of that form and so l 0 − 1 ∈ supp χ E . But then (3.10) implies ξ(l 0 + 1) = ξ(l 0 − 1)ξ(2) = ξ(1) l0+1 .
We conclude that ξ is a character of Z/nZ and that g is a translate of χ E .
Remark. The case p = 2 can be settled similarly by using the 4-deck instead of the 3-deck. One may then write ξ(k 0 + 1) = ξ(k 0 − 1)ξ(1)ξ(1), but this is not stronger then the result in [GM] . Note that the proof also holds for rational-valued functions on Z/nZ.
Theorem 3.2. Let n = pq with p, q two distinct primes. Then every subset of Z/nZ is uniquely determined up to translations by its 3-deck.
